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We prove the following theorem: 
THEOREM. Let G be a triply-transitive permutation group on a jinite set X. 
Let x, y E X and suppose G,, , the stabilizer of x and y, has a non-identity 
abelian normal subgroup. Then G is a normal extension of 
(i) PSL(2,q) of degree 1 + q, 
(ii) A, of degree 6, 
(iii) M,, of degree 11, 
(iv) M,, of degree 22, or 
(v) G has an elementary abelian regular twrmal 2-subgroup and G, g 
PSL(n, 2). 
Here, PSL(n, q) is the projective special linear group of dimension n over 
the field with q elements, and MI, ,..., MS,, are the Mathieu groups. 
It is interesting to note that there are only two known triply-transitive 
groups which are not quadraply-transitive and which fail to satisfy the 
hypothesis of the theorem, namely MI,, represented as a permutation 
group of degree 12 and the semidirect product of A, and an elementary 
abelian group of order 16, represented as a permutation group of degree 16. 
In Section 1 we state some general definitions and lemmas, most of which 
are standard. Of particular usefulness are results of Suzuki and Zassenhaus, 
stated in Lemma 1.8, which enable us to identify a triply-transitive group G 
when its one-point stabilizer is a known doubly-transitive group. 
* This research was supported in part by NSF Grant GP-32319. 
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In Section 2 we then begin the proof of the theorem. We take A(5*u) a 
subgroup of G,, , which is normal in G&l , the subgroup of G fixing the set 
{x, y}. If either A(“*‘) is not semiregular on X - {x, y} or A(**g) is of even 
order, G, and G are known. Then, we may take A(e*y) semiregular on 
X - {x, y} and of odd order. We set N(“*‘) = Ccm(A(E*g)). In Section 2 we 
show that Ntrv*) is semiregular on X - {x, y}, or that the group G is a normal 
extension of PSL(2,q). 
In Section 3 we study the action of the involutions of G,,, on Afx*“). By 
theorems of Bender such involutions exist. In Section 3 we prove that there is 
some involution of G,,, which inverts A(5,g). 
In Section 4 we show that the involution in G,,, which inverts A(“*‘) also 
inverts the centralizer of A(z*~) in G,, . In addition we construct a 3-design 
in which the blocks are the tixed point sets of involutions which invert 
A(“.ar). 
In Section 5 we show that G has one class of involutions. By counting 
arguments we determine explicitly the degree of G and the size of blocks in 
the 3-design in terms of 1 A(Z*~) I. 
Next it is shown that the stabilizer of a block is a triply-transitive group 
whose two-point stabilizer is a normal extension of PSL(2, Q). This is done 
by proving that the two-point stabilizer has cyclic or generalized quaternion 
Sylow 2-subgroup, and invoking the theorem of Gorenstein and Walter. 
At this point we reach the desired conclusion by invoking special properties 
of PSL(2, Q). 
1. GENERALITIES 
In the following all groups and sets will be finite. If G is a permutation 
group on a set X and B is a subset of X, Gs will denote the subgroup of G 
which tixes all elements of B, while Gs* denotes the subgroup fixing the set B. 
If K C Gs*, K 1 B will denote the permutation group obtained by restricting 
K to B. If H is a subgroup of G, FH denotes the fixed point set of H. 
If X is a set, we shall say that a family of subsets 9? of X is a 2-design if all 
elements of 9I have the same cardinality and every two element subset of X 
belongs to a unique member of a. Analogously, a family of subsets V of X 
is a 3-design, if all elements of V have the same size and each three element 
subset belongs to a unique element of V. We call the elements of a and V 
blocks. Clearly, K-designs may be defined by analogy. 
If V is a 3-design on X and x E X, V, denotes the family of blocks of V 
which contain x. From the definitions it is clear that (C - x 1 C E %‘a) form 
a 2-design on X - x which we denote by %YE 1 X - x. 
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LEMMA 1 .I. Let 9 be a 2-design on X. Suppose / B 1 : 
and / X / = 1 + n. Then 
(i) 98 has n( 1 + n)/( 1 + Z)Z blocks; 
(ii) every point of X is contained in n/l blocks; 
(iii) ;f 1 < 2 < n, n 3 I( 1 + 1). 
LEMMA 1.2. Let V be a 3-design on X and suppose 1 C 1 
and / X 1 = 2 + n. Then 
(i) g has (2 + n)(l + n)(n)/(2 + Z)(l + Z)(l) blocks; 
(ii) ifx E V, %?z has (1 + n)n/(l + E)Z blocks; 
(iii) every two element subset of X is contained in n/l blocks. 
Both lemmas follow by standard counting arguments. 
= 
LEMMA 1.3 (Wagner [14]). Suppose9 isa2-designonXwithjBj=l+Z 
for B E 9# and j X 1 = (1 + 1)“. S u pp ose G is a subgroup of the automorphism 
group of 9Y and G is 2-transitive on X. Then G has a regular normal subgroup. 
If G is a doubly-transitive group on X and, for some x E X, N” is a normal 
subgroup of G, , we define NY for other y E X so that fNyf -I = Nf(g). 
Thus, NV is the unique conjugate of N” which lies in G, . Analogously, for 
a three-fold transitive group G, if N@,y) is a normal subgroup of Gzy , we 
define NW) so that fN’a.b’f -1 = N(f(a).f(b)). 
A standard method for generating block designs preserved by multiply- 
transitive groups is to use the theorem of Witt: 
LEMMA 1.4 [15]. Let G be a k-fold transitive permutation group on a set X 
and suppose B C X, / B 1 = k. Suppose W is a weakly closed subgroup of Gn 
in G. Then 
(i) The family of fixed point sets {Fcwc+ 1 c E G} form a k-design on X 
preserved by G. 
(ii) No(W) is the subgroup $xing F, . 
Another method useful in doubly-transitive groups is yielded by: 
LEMMA 1.5 [lo]. Let G be a doubly-transitive group on a set X and suppose 
Nx 4 G, , for x E X. Then thefamily of$xedpoint sets {FNVa 1 x, y E X, x # y} 
form a 2-design on X preserved by G. 
Similarly for triply-transitive groups, one has: 
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LEMMA 1.6. Let G be a triply-transitive group on a set X and suppose, 
with x, y E X, x # y, N@,y) cj G,, . Then the family of $xed point sets 
(F,+Y) 1 x, y, z E X, x, y, x distinct) f arm a 3-design on X preserved by G. 
Proof. Let d(x, y, z) = FN,(“,r, , for x, y, x E X, x, y, z distinct. Then 
g(+, Y, 4) = Jdx), g(y), g(8), and lx, Y, 4 C 4x, Y, 4. BY triple- 
transitivity, all sets d(x, y, z) are of the same size, and all three element 
subsets of X are contained in at least one such set. So it suffices to show that, 
if two such sets contain in common the three element subset (a, b, c>, the two 
sets are equal. To do this, it suffices to show that, if {a, b, c} C d(x, y, z), then 
4, b, 4 = +,Y, 4. 
Applying Lemma 1.5 to G, , we obtain d(x, y, z) = d(x, z, y), and to G, , 
we obtain d(x, y, z) = d(z, y, x). It follows that the set d(x, y, x) is unchanged 
by any permutation of (x, y, z}. 
From the definition of d(x, y, x), it follows that, if u E d(x, y, z) - {x, y, z}, 
then d(x, y, z) = d(x, y, u). Applying this together with the previous 
paragraph, it follows that d(a, b, c) = d(x, y, z). 
LEMMA 1.7. Let .9?I be a 2-design on X preserved by a doubly-transitive 
group G. Let x, y E X, x # y and suppose B is the block containing x and y. 
Suppose f, g E G, f $xes exactly the point x and g Jixes exacly the point y. 
Suppose f fixes all blocks which contain x and g $xes all blocks which contain y. 
Then, if f . gJ;xes z E X, it follows that z E B. 
Proof. By hypothesis cf. g)(z) = z. Thus, g(x) = f-l(z) # z. Now 
as f fixes all blocks which contain x, if d is an orbit off, {x, O} is contained in 
some block. Thus, {x, z, f-‘(z)> is contained in a block B’. Similarly, 
{y, a, g(z)} is contained in a block, B”. As {x, f -l(x)} is contained in B’ and B”, 
B’ = B”. Then {x, y} C B’. So B’ = B, and z E B. 
Frequently, when we are dealing with a triply-transitive group G, we can 
identify G, , as a known doubly-transitive group. That G is also known is a 
consequence of the following result of Zassenhaus [16] and Suzuki [13]. 
LEMMA 1.8. Let G be a triply-transitive permutation group on a set X. 
Suppose G, is a normal extension of one of the following groups in their usual 
doubly-transitive representations: 
G) PSI& 4). 
(ii) PSU(3, 4). 
(iii) Sz(p). 
(iv) A group of Ree type. 
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Then G is a normal extensibn of 
(i) A, of degree 5 OY 6, 
(ii) A, of degree 6, 
(iii) PSL(2, 9) of degree 10, 
(iv> Ml1 , M2, , au@GJ, or 
(v) G has a regular normal 2-subgroup and G, E PSL(n, 2). 
LEMMA 1.9. Let G be a permutation group on a set X and suppose p is some 
prime. Suppose that, for each x E X, all orbits of G, on X - x are of length 
dierisible by p. Then G is transitive on X. (See, for example, [ 10, Lemma 4.91). 
LEMMA 1.10. Let G be a k-transitive group on a set X preserving a k-design 
g. If B E 9, Gs* 1 B is k-transitive on B. 
We prove some general lemmas about PSL(2,q)‘s which we shall find 
useful later on. 
LEMMA 1.11. Let H be a group, N a normal subgroup of H, C,(N) = 1 
and 1 H : N 1 twice an odd number. Suppose that NE PSL(2,q) OY PGL(2, q), 
q odd, q 3 5. If H - N contains at least two classes of involutions of H, then H 
is PBL(2, q) extended by a group of odd order. 
(Here, PCL(2, q) is the group obtained by extending PSL(2, q) by a field 
automorphism of period two.) 
Proof. From our hypotheses it follows that H is a subgroup of the auto- 
morphism group of PSL(2, q) containing PSL(2, q). The automorphism 
group of PSL(2, q) is PI’L(2, q) and PI’L(2, q) may be described as PGL(2, q) 
extended by the automorphisms of the field F with q elements where q = pm. 
Then the outer automorphism group of PSL(2, q) is 2, x 2, . 
If n is odd, as 1 H : N 1 is divisible by 2, it follows that N s PSL(2, q) and H 
contains PGL(2, q). It is well known that PSL(2, q) and PGL(2, q) have 
dihedral Sylow 2-subgroups and that 1 PGL(2, q) : PSL(2, q)l = 2. Moreover, 
PSL(2, q) has no subgroup of index 2. Consequently, by [S, p. 2601, PGL(2, q) 
has only one class of involutions not contained in PSL(2, q). Thus, H has 
only one class of involutions not contained in N, contrary to hypothesis. 
Thus, n is even and q = r2. 
By hypothesis there is a subgroup N of H such that 1 N : N j = 2. Since 
the outer automorphism group of PSL(2, q) is 2, x 2, , there are three 
possibilities for N if N zPSL(2, q) and one possibility for N if N z PGL(2, p). 
We discuss the possibilities. 
In the usual doubly-transitive representation of PGL(2, q) of degree 1 + q, 
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we take a to be a generator of the two-point stabilizer. Then 1 a ] = 4 - 1 = 
~2 - 1. Then there is an involution t E PSL(2, p), where t interchanges the 
points fixed by a and t inverts Q. We take s E Pl?L(2,9) inducing the field 
automorphism of period 2. s may be chosen so that s fixes the points fixed 
by a and s and t commute. Thus, s 2 = t2 = 1, [s, t] = 1, tat-l = u-l, and 
sa-1 z ur 
Thus, (a, s, t) is a subgroup of (PGL(2, q), s) of index (1 + r2)r2/2. As 
Y is odd, this number is odd. Thus, (a, s, t) contains a Sylow 2-subgroup of 
WW, q), s>. <u2, t> contains a Sylow 2-subgroup of PSL(2, Q). Thus, if 
N s PSL(2, q), N = (N, a), (N, s) or (N, us). 
In case m = (N, a), m s PGL(5 CJ). As before, it follows that N has only 
one class of involutions not contained in N. Thus, H has only one class of 
involutions not in N, contrary to hypothesis. 
In w = (N, s), then (N, s) E PEL(2, Q), and the conclusion of the lemma 
follows. 
If m = (N, us>, then m - N has no involutions. It suffices to show that 
all involutions of (u2, t, as) are contained in (u2, t). If x E (u2, t, as} - (u2, t), 
x = ‘$+2k s or x = ~l+~~st for some integer k. In the first case, 
If x is an involution, t( 1 + uZ)( 1 + Y) = 0 (mod(r2 - l)), a contradiction. If 
x = ul+2kst, %2 = uU+2k)(l-r) and again x is not an involution. 
Thus, it only remains to’ consider the possibility that N s PGL(2,q). 
Then, ilr = (N, s) and (a, t) contains a Sylow 2-subgroup of N. We shall 
show that m - N contains only one class of involutions. In order to prove 
this, by the last paragraph, it suffices to show that all involutions of 
@34, q), s> - psJ-42, q) are conjugate in (PGL(2, Q), s). 
In the representation of (PGL(2, q), s) of degree 1 + 4, (a, s) is the two- 
point stabilizer, and (a, s, t) is the subgroup which fixes (setwise) a two- 
element subset. The Sylow 2-subgroup of (a, s) is quasi-dihedral if Y = 3 
(mod 4) or modular if Y = 1 (mod 4). In either case, (a, s) - (a) has only 
one class of involutions. Likewise, the Sylow 2-subgroup of (a, st) is quasi- 
dihedral or modular with opposite congruences. Again, (a, st) - (a) has 
only one class of involutions. Now only involutions of PGL(2,q) lie in (a, t). 
Moreover, some conjugate of s interchanges the points fixed by (a) and so 
lies in (a, st) - (a). Thus, all involutions of (a, s, t) - (a, t) are fused, 
and Lemma 1.12 follows. 
LEMMA 1.12. Let H be a group, N a normal subgroup of H, which is self- 
centralizing in H, and 1 H : N 1 twice un odd number. Suppose that NE PSL(2, q) 
OY PGL(2, q), q odd, q > 5, and H - N contains at least two classes of involu- 
481/29,/2-12 
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tions. Let j be an involution in H - N. Then, there is no permutation representa- 
tion of H in which j fixes exactly one point. 
Proof. By Lemma 1.11, His PZL(2,q) extended by a group of odd order. 
Also by Lemma 1.11, PZL(2, Q) - PSL(2,q) has two classes of involutions 
which are conjugate in PPL(2,q). Th us, we may take j to be a field auto- 
morphism of PSL(2,q). 
Suppose H has a permutation group representation in which j fixes 
a single point, say x. Then, C,(j) C Hz . By the Frattini argument, 
H = Cn( j) PSL(2,q). Moreover, the centralizer of j in PSL(2, n) is PGL(2, r), 
with r2 = 4. By Dickson’s determination of the subgroups of PSL(2, q), [3], 
it follows that C,(j) is a maximal subgroup of H, and so H, = C,(j). Thus, 
the permutation representation is equivalent to that of H acting by conjuga- 
tion on the conjugates ofj. Thus, asj is not isolated, it cannot fix exactly one 
point. 
2. REDUCTIONS 
We suppose G is a triply-transitive group on a set X and A(“*‘) # 1 is 
an abelian normal subgroup of G,, for x, y E X, x # y. Then, if p is a 
prime divisor of / A(r*~) 1, O,(G,,) # 1. Thus, O,(G&,,)) # 1. Thus, we 
may choose A(“~Y) 4 G&,yl , the subgroup fixing the set {x, y}. Henceforth, 
we only consider abelian normal subgroups of G,, which are also normal in 
G&Y). 
If A(“*“) is not semiregular on X - {x, y}, G, is a doubly-transitive group 
on X - x, whose point stabilizer has a non-semiregular abelian normal 
subgroup. By Theorem A of [lo], G, is a normal extension of PSL(n, 4). 
By Lemma 1.8, G is M,, , aut(M,,), or G has a regular normal subgroup, 
and G, g L,(2). Thus, we may assume that A(“*‘) is semiregular on 
x - 6% Yl. 
If A(*,v) is of even order, by a theorem of Shult [12], G, is a normal 
extension of L,(2”), Us(2*), or SZ(~~~+~), or G, has a regular normal subgroup. 
In the first three cases, again by Lemma 1.8, the conclusion of our theorem 
follows. In the last case, by a theorem of Hering, Kantor, and Seitz [9], again 
we obtain our theorem. Thus, we may assume A(2*Y) is of odd order. 
In this section we show that C,m(A(“*y)) is semiregular on X - {x, y}, and 
is of odd order. Set N(@*Y) = Cc (A(%sy)). Then N(“*v) Q G&,,) . 
First suppose NJ’*‘) # 1 if z t?X - {x, y>. We define a 3-design 5Y whose 
blocks are the fixed point sets F,+) . By Lemma 1.6, @ is indeed a 3-design. 
LEMMA 2.1. A(~*Y) fixes all blocks of 9J which contain {x, y}. 
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Proof. Let B be a block of g which contains {z, y}. Then there is a 
z E X - {x, y} such that B = FJz.9) . But N(“J’) = C, (A@,g)) and SO 
A(“*“) centralizes iVp*@. Then, A;*“) fixes the fixed poizt set of NF*“, 
I.e., . B. 
LEMMA 2.2. If B E 58, (A(*J) 1 {x, y} C B) z SL(2, q), PSL(2, q), or 1Mrr. 
Proof. Set H = (A(x*gJ 1 {x, y} C B). By Lemma 1.10, Gs* / B is triply- 
transitive. Moreover, A(“#‘) is normal in the stabilizer of x,y in Gs* 1 B. 
Also, as Np*‘) # 1, B C X. It follows by induction that GB* 1 B is a normal 
extension of PSL(2, q) or M,, . In the latter case, clearly H I B E Ml, . In 
the first case, as Gs* 1 B is triply-transitive, we may find an involution 
j E Gs* / B such that j interchanges x and y, andj fixes either 1 or 2 points of 
B - {x, y} (according as q is even or odd). Such an involution j must invert 
A(z,y). As the outer automorphism group of PSL(2, q) is abelian, it follows 
that H 1 B g PSL(2, q). 
Now let W = GB . Since W fixes x and y, WC G,, , and [W, A(s*y)] Z 
A(“**). Since A@-Y) fixes B and W = GB , [Afz,Y), w] C W. Since A(Z*~) is 
semiregular on X - {x, y} and W fixes some 2 E X - {x, y}, W n A(5,~) = 1. 
Thus, [A@.y), w] = 1. Thus, H is a central extension of PSL(2, q) or 1M,, . 
If HI BsMl,, it is clear that A(Z*Y) C [H, H]. Likewise, if H I B s 
PSL(2, q). Thus, H C [H, H]. By Schur [l I], either the conclusion of the 
lemma holds, or p = 9. If q = 9, however as A(z*y) is normal in the two-point 
stabilizer of PSL(2, 9), I A(z*y) I is not odd, contrary to hypothesis. 
We first treat the case in which (A(z,y) I {x, y} Z. B) ) B g PSL(2, q). In 
this case we identify the one-point stabilizer of G using a theorem of Fischer 
[4, Satz 31: If G is a doubly-transitive group on a set X, AZ is a cyclic normal 
subgroup of G, , and (A”, Av) is a Frobenius group for all x, y E X, x # y. 
Then G has a regular normal subgroup. 
Now by the structure of PSL(2, q), A@*‘) is cyclic. Thus, we may, by 
replacing A(r*y) by a smaller group if necessary, assume A(Z*Y) is of odd prime 
order Y. Then, if x, y, and z are distinct, (A(s*y), A@J)) is a Frobenius group 
of order q’r, where q’ I q. By virtue of the triple-transitivity of G, (A(z*~), 
A(2*Z)) is a Frobenius group of order 4’~ for all distinct x, y, z in X. 
Now, applying Fischer’s theorem in G, , it follows that G, has a regular 
normal subgroup, and, by the theorem of Hering, Kantor, and Seitz [9], G is a 
normal extension of some PSL(2, 4”). 
Thus, in the remainder of this section, we assume GB* I B gg Ml, . We set 
W = GB . The proof of Lemma 2.2 shows that 
GB* = (A(“*“) I {x, y} C B) x W gg Ml, x W. 
LEMMA 2.3. Wis of odd order. 
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Proof. Suppose not and take j an involution of W, and consider Fj . 
Since j centralizes A(z*g), j fixes x and y, and A(“*‘) is semiregular on 
X-{x,y}, lFil r2 (mod9). 
Suppose j fixes c and interchanges a and b. Then j fixes the block B 
containing a, 6, and c. Also j 1 B’ # 1. j normalizes A@sb), and, by the structure 
of Ml, > C,,,,,,(j) # 1. Since {a, b} C X - Fj , CAcs,b,(j) is semiregular on 
Fj . Thus, 1 Fi 1 = 0 (mod 3), a contradiction. 
LEMMA 2.4. In PSL(2,9), every involution is theprodwt of two elements of 
order 3. 
Proof. PSL(2,9) s A, and PSL(2,9) has only one class of involutions. 
Thus, it suffices to show that some involution is the product of elements of 
order 3. Now A, C A, and in A,, (123)(234) = (12)(34). 
LEMMA 2.5. If j is an involution of G,,, , Fj = {x, y, z}. 
Proof. j E Ge*, and as W is of odd order, j E (A(“*“) 1 {x, y} E B). By the 
previous lemma and as j fixes x E B, j can be expressed as the product f - g, 
where f and g are of order 3 and fix x. Then, f E A(z-g’) and g E A(“**‘). As 
G,, / B is 3-closed, y’ # z’. By Lemma 2.1, the hypotheses of Lemma 1.7 
hold in G, and gE / X - x. Thus, it follows that Fj = F,., C B. Thus, 
FiCBmdsoFj ={X,y,Z). 
Thus, G, is a doubly-transitive group, all of whose involutions fix at most 
two points. By a theorem of Hering [8], it follows that G, is a normal extension 
of PSL(2, q), and, by Lemma 1.8, we obtain a contradiction. 
3. A(**‘) Is INVERTED BY No INVOLUTION 
As in the last section, A(“*‘) Q G* Ia,vl and N(z,y) = CG4(A@*~)). We may 
assume A@*v) is an abelian p-group and N(2.v) is semiregular on X - {x, y}. 
By a theorem of Hering [7], if N@*g) is of even order, O&V(“*Y)) # 1, a 
case already treated. Hence, we may assume N(Z*v) is of odd order. 
LEMMA 3.1. Suppose j is an involution, and 
(i) j$xes a and b, 
(ii) j interchanges c and d. 
Then, either C,,,,,,(j) = 1 or C,,,,,,(j) = 1. 
Proof. If not, then both Cac.,a,(j) # 1 and C A(o,d)( j) # 1. Thus, Cala.b)(j) 
acts on Fj and is semiregular on F, - {a, b}, and SO 1 Fj 1 = 2 (modp). Also 
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CAcr,a,(j) acts on Fj and is semiregular on F3 . Thus, 1 Fj ] = 0 (modp). The 
contradiction proves Lemma 3.1. 
By Bender’s theorems [l] and [2] and Lemma 1.8, we may suppose ] G,,, ] 
is even. The remaining analysis splits into two cases according as some involu- 
tion of G,,,, inverts A(“*‘) or not. In the remainder of this section we assume 
that no involution of G,,, inverts A@.~). From this hypothesis we derive a 
contradiction. 
LEMMA 3.2. Let t be an involution Jixing at least three points. If t inter- 
changes a and b, t inverts A(“*b). 
Proof. If t fixes x,y, and z, by hypothesis, C,(&t) # 1. Therefore, by 
Lemma 3.1, t inverts A(“pb). 
LEMMA 3.3. In G there exist commuting involutions t and t’ such that 
(i) t fixes x, y and x, 
(ii) t’ fixes z and interchanges x and y, 
(iii) t and t’ we conjugate. 
Proof. Let H = G, . Then H is doubly-transitive on X - x, and H,. is 
of even order. Since H,, 4 Hir,,,, , there is an involution t in H,, such that t 
lies in the center of some Sylow 2-subgroup of H&) . 
Now some conjugate t’ of t interchanges x and y, by the fact that H is 
doubly-transitive. By Sylow’s theorem, t’ can be chosen to centralize t. 
We now derive a contradiction. Since (t, t’) fixes {x, y} and A@*g) 4 G$,,) , 
<t, t’) normalizes Af2*v). Since t and t’ are conjugate and t fixes at least three 
points, t’ fixes at least three points. By Lemma 3.2, t’ inverts A@*v). As 
j’P,y) = Co (A(z*g)) if of odd order, t does not centralize A(~*Y). Thus, 
C,(,,,,(tt’) #al. Since tt’ fixes z, tt’ fixes at least three points (the orbit of z 
under C,(z,V,(tt’)). But then, by Lemma 3.2, C,(,,V,(tt’) = 1, a contradiction. 
4. A(Z*g) Is INVERTED BY AN INVOLUTION 
In this section, jE G,,, will be an involution inverting A(z*v). As 
N(w) n G zyz = 1, j E z(G,,J. 
Proof. A’x~~’ Q G* {r,v) ami so Co&J fz*Y)) 
(j)P-’ 4 G* 
= IVz*w) Q Gi”,,,, . We claim: 
{x.u} . 
Take t E G$&. Th en j* is an involution which fixes x and y and inverts 
A(x.y’. Thus, jj* E G,, and jj* centralizes A(s*v). Therefore, jj* E N*zs@. 
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Thus, (j)N(“*r’) Q G&,,, . As N(“J) is of odd order, by the Frattini argument, 
G&y, = N’“~“)CG;~ ,,(A. 
Now, if j fixes ‘exactly three points, since G,, = N@%‘om(j), and 
Co,(i) C G,, > it follows that N(“*g) is transitive on X - {x, y}. Then, G, is 
a doubly-transitive group and N@s”) a regular normal subgroup of G,, . By 
the theorem of Hering, Kantor, and Seitz [9], and Lemma 1.8, G is Mi, or 
a normal extension of PSL(2, q). Th us, in the remainder we may assume 
lFjl > 3. 
LEMMA 4.2. The family of Jixedpoint sets of conjugates of j, (Fcic-l 1 c E G} 
form a 3-design on X which we denote by a’. The stabilizer of the blockFj is Co(j). 
Proof. As (j)N@,y) 4 G,, , (j) is a weakly closed subgroup of G,,, in 
G,, . Thus, by Lemma 1.4, Ccm(j) is transitive on Fj - {x, y}. We show next 
that C,(j) is transitive on Fj . 
Consider CacE,Z,( j), where x E X - {x, y} and z E Fj . If Carz,.,( j) = 1; by 
the last paragraph CoZZ( j) is transitive on Fj - {x, z}. Since 1 Fj 1 > 3, it 
follows that CcI( j) is 2-transitive on Fj - x. If CatZ,*,( j) # 1, there is an 
f E Cac& j) such that f(y) EF~ - (x, y}. Again, C,#( j) is 2-transitive on 
Fj - x. 
By applying the same reasoning to C Acv,.,( j), it follows that C,(j) is triply- 
transitive on Fi . As (j) Q G,,, , it follows that (j> is a weakly closed 
subgroup of G,,, in G. By Witt’s theorem, the remainder of Lemma 4.2 
follows. 
LEMMA 4.3. If jfixes a and b, j inverts A@J’). 
Proof. C,(j) is 2-transitive on Fj . 
LEMMA 4.4. (i) N(e*g) is transitive on the blocks of g which contain 
x andy. (ii) The subgroup of N( GY) whichJixes B = Fj is C,,,,,,(j). 
Proof. G,, is transitive on the blocks of g which contain (x, y} and 
G,, = N(Z*Y)Co (j) by Lemma 4.1. Also, Co (j) fixes B = Fj . Thus, 
N(Z,y) is transitT;e on blocks which contain {x,;}. The stabilizer of B in 
N@*“) is C,,,,,,(j) by Lemma 4.2. 
LEMMA 4.5. Let/ be a conjugate of j whichJixes x and interchanges x andy. 
Then (j, j) is afours-group which$xes only thepoirtt z. Consequently 1X 1 is odd. 
Proof. As j, fixes {x, y, z}, j’ fixes B and so j’ centralizes j. Also, (j, j’> 
fixes Z. Suppose (j, j) fixes another point z’. Then (j, j) normalizes A(‘*“). 
By Lemma 4.3, j andj’ invert A(ZsZ’). Thus,jj’ centralizes A(Z*Z’), a contradic- 
tion, as Co,,,(A (z.2’) is of odd order. 
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LEMMA 4.6. If C,,,,,,(j) # 1, G is a normal extension of PSL(2, 4). 
Proof. Let B = Fj and W = Ge . Since CN(Z,V)(j) 4 Cc2y(j) = (G,*),, , 
GB* / B satisfies an induction hypothesis. Since 1 X 1 is odd and B = Fi , 
1 B 1 is odd. Thus, G,* 1 B g MI, or SL(2, 2e) 4 GB* 1 B. 
But as (j,j) has one fixed point, j’ I B fixes exactly one point. Thus, 
Ge*IB+Mn. 
Now j’ fixes exactly x E B - (x, y} and j’ inverts CN(Z,y)( j . Thus, CNlz,V,( j)
is contained in the subgroup of GB* 1 B isomorphic to SL(2,2”). Let 
H = (C,,,,,,(j) / {x, y} C B). Then, H 1 B zz SL(2,2”), and H CI GB* = 
G(i)- 
As W centralizes j and normalizes N(z*Y), [W, CNtc.u)( j)] C C,WW(~). Also 
CN,z.,,( j) fixes B = Fi and W = GB , and so [C,,,,,,(j), w] C W. As CN(z.r)( j)
is semiregular on X - {x, y}, W n CN,2,r)(j) = 1. Thus, [CN,2,V)(j), W] = 1. 
Thus His a central extension of SL(2,29 and [H, H] = H. Thus, by Schur, 
HE SL(2,29 or SL(2, 5). 
If H z SL(2,2”), let T be the subgroup of H which fixes x and y. If 
H g SL(2, 5), let T be the subgroup of SL(2, 5) of order 3 which fixes x andy. 
Then, T is transitive on B - {x, y}, and T Q CGm(j), and CN(2,r,( j) C T. 
Thus, N@~)T is normalized by N(%sv) and CGm(j). But GZzI = N(z~~)C~~(~). 
Thus N’“.y’T CI G,, . 
Also, as N(“*~J) is transitive on the blocks of 9 which contain {x, y} and T is 
transitive on B - {x, y}, N(“*Y)T is transitive on X - {x, y}. 
Now 
Thus, I N(“*“)T I = I X - {x, y}l, as / N(“J) : CN(s,y)(j)I is the number of 
blocks which contain (q y}. Thus, N @*y)T is a regular normal subgroup of 
G SY * By the theorem of Hering, Kantor, and Seitz [9], and Lemma 1.8, 
Lemma 4.6 follows. 
5. COMPLETION OF THE PROOF 
In this section we may assume that CoeV(A@*~)) = N(Z*Y) is inverted by the 
involution j. Moreover, we may assume that Nfr**) is the centralizer in G,, 
of each of its Sylow subgroups, as all other cases have been treated. Likewise 
we may assume 1 Fj I > 3. From these hypotheses we derive a contradiction. 
LEMMA 5.1. G has one class of involutions. 
Proof. We suppose that there is an involution t in G not conjugate to j and 
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derive a contradiction. Suppose t interchanges a and 6. We claim that t 
inverts N(a*b). 
If t fixes three or more points, say, X, y, and z, then t normalizes N@,y). 
Then, if P is a Sylow p-subgroup of N(“*v), Cp(t) # 1, as otherwise tj 
centralizes P, and is of even order. Then, by Lemma 3.1, it follows that t 
inverts each Sylow p-subgroup of NcQJ), and hence NfaJ’). 
If 1 Ft [ < 3, as 1 X 1 is odd, t fixes a unique point z. Then CN(“,“)(t) fkes x, 
and as CNco,a,(t) is semiregular on X - {a, b}, C,(.,o,(t) = 1. 
We now replace t by one of its conjugates, which we still call t, which 
interchanges x and y and fixes z. Then, t inverts N(“*g), and as t fixes {x, y, z}, 
t E G(j). 
Thus, tj interchanges {x, y} and centralizes Nts**). Also, tj fixes at least 
three points (the orbit of z under N(z*“).) If z, and xa are fixed by Q, by 
Lemma 3.1, tj inverts N @+). Thus, tj is conjugate to j. Thus, j centralizes 
some NfaJ’) and N(@J’) is semiregular on B = Fj . 
Now let a = 1 AP*g) I, I B 1 = I + 2, and 1 X 1 = KZ + 2. As MZ*u) is 
transitive on the blocks of 99 which contain {x, y} and the stabilizer of such 
a block is CN(2,V)(j) = 1, it follows that iV*g) is regular on the blocks of 99 
which contain {x, y}. Thus, n = al. 
By Lemma l.l(iii), a = n/Z 3 1 + 1. Since N@sb) is semiregular on B, 
a I (I + 2). Thus, a = I + 2. 
Thus, I X - x I = 1 + Z(Z + 2) = (1 + 1)2 and I B - x I = 1 + 1. Thus, 
./%!5 I X - x is an affine plane with a doubly-transitive automorphism G, . By 
Lemma 1.3, G, has a regular normal subgroup of even order. By Shult’s 
theorem [12], G is a normal extension of SL(2,29. But it is easily seen that 
SL(2, P),, has no self-centralizing abelian normal subgroup which is inverted 
by an involution fixing more than three points. From this contradiction, the 
lemma follows. 
LEMMA 5.2. The Sylow 2-subgroup of G,, is cyclic or generalized quaternion. 
Proof. As I X I is odd, I G,, : G,,, I is odd, and it suffices to show that 
G,,, has cyclic or generalized quaternion Sylow 2-subgroup. Now ifj’ E G,,, 
is an involution, j’ is conjugate to j by Lemma 5.1. Thus, by Lemma 4.3, j 
inverts A@*g). Thus, jj’ E N, (v) = 1. So j = j’. It follows that j is the unique 
involution of G,,, , and so the Sylow 2-subgroup of G,,, is cyclic or generated 
quaternion. 
LEMMA 5.3. Co(j) is tratlsitiere on X - Fj . 
Proof. First we show that there is some prime divisor p of I N(2*“) I such 
that, whenever j interchanges a and b, the centralizer of j on the Sylow 
p-subgroup of N(asb) is non-trivial. If this is not the case, then, for every 
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prime divisor p of N (z*Y), there is a pair of points a and b, interchanged by j, 
such that j inverts the Sylow p-subgroup P of NtaJ). If t is some conjugate of j 
which fixes a, b, and x, t also inverts P. Then tj is of order 2, tj centralizes P, 
and tj interchanges a and b. By Lemma 5.1, tj is a conjugate of j. Therefore, 
for every prime divisor p of 1 Ntz*y) /, there is a pair of points c and d, inter- 
changed by j, such that j centralizes the Sylow p-subgroup of N(c*~). Thus, 
the Sylow p-subgroup of Nfcsd) acts in a semiregular fashion on Ff = B. 
As this is true for all prime divisors of / N(“*‘) I, it follows that 1 N(z*y) 1 1 1 B I. 
But then, as in Lemma 5.1, 1 X - x 1 = 1 B - x 12, and the remainder of 
the proof of Lemma 5.1 yields the first assertion of this paragraph. 
Thus, if (a, b} is a pair of points, interchanged by j, there is a p-group P, 
P _C CGB,(j), with P semiregular on X - {(I, b}. By Lemma 1.9, it follows that 
C,(j) is transitive on pairs interchanged by j, and so on X - Fi . 
Immediately from Lemma 5.3, it follows 
LEMMA 5.4. If {a, b) and {c, d} are two pairs of points, each of which is 
interchanged by j, then / CNcm(j)l = j C,,,,,,(j)l. 
If j interchanges a and b, we set r = 1 C,vca,a,(j)]. 
LEMMA 5.5. I Nfz*g) 1 = r2. 
Proof. Take j’ an involution interchanging x and y and fixing z. Then j 
centralizes j’ and (j, j) normalizes N@*‘). Now j inverts N(~.Y) and, by 
Lemma 5.4, Y = I CN,..VJ(jl)( = I C ,,~.~)(jjl)I, as jjl is conjugate to j and 
interchanges x and y. Thus, 1 N(“J’) ( = y2. 
LEMMA 5.6. (i) IBI =r. 
(ii) I X I = r2(r - 2) + 2. 
Proof. Let 1 B 1 = I + 2 and I X ( = n + 2. Then, as N(s*g) is regular 
on blocks which contain {x, y}, 1z = r2Z. Choosing Q and b, a pair of points 
interchanged by j, 1 C,(,,o(j)l = T and C N(.,b)( j) is semiregular on B. Thus, 
r I (1 + 2). 
On the other hand, let B, , B, ,..., B, be the blocks which contain x and are 
fixed by j, with Bl = B = F$ . Then the sets B, - x, B, - x ,..., B, - x 
are pairwise disjoint, as otherwise two would have in common a three 
element set, namely, x and some orbit of j. Moreover, if a E X - x, a belongs 
to at least one such block, namely, B if a is fixed by j, and the block determined 
by {x,a,j(a)), if a is not fixed by j. Thus, IB--xlIIX-xl, or 
(1 + 4 I (1 + 4. 
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Since n = 91, it follows that (1 + Z) 1 (r2 - 1). Now (I + 2) = my and so 
(r2 - 1) = (mr - l)k, with m, K integers m > 0 and K > 0. Thus, K = 1 
(mod r), and so K = I + tr, t > 0 an integer. Then, 
(r2 - 1) = (mr - l)(tr + 1). 
Thus, Y = mtr + m - t. So it follows that t - m = r(mt - 1). 
Now, if t > 1 and m > 1, mt - 1 > t - m, and a contradiction results. 
If t = 1, 1 - m = r(m - l), and as r > 1, m = 1. Likewise, if m = 1, 
t = 1. Thus, either m = 1 and t = 1, or m > 1 and t = 0. In the latter 
case, m = r and 1 + 2 = r2. Thus, n = Z(Z + 2) and 1 + n = (1 + Z)2. 
Then, X - x 1 az is an affine plane, and as in Lemma 5.1 we are finished. 
Thus,m=1,t=1,Z+2=r,andn=r2(r-2). 
LEMMA 5.7. Coz( j) is transitive on X - Fi , if x E Fj . 
Proof. lFjl =randIX-F$ =r3-2r2-r+2.Thus, 
1 cG(j>: cGa(j)I = ’ and (r,IX-FiI)= 1. 
Thus, CGz(j) is transitive on X - Fi . 
LEMMA 5.8. (i) All involutions which jix x and interchange y and z 
are conjugate under G,,, . 
(ii) All involutions in Co(j) - (j) are conjugate in C,(j). 
Proof. (i) Let j and j’ be two such involutions. Then jg-’ = j, and j 
fixes g(x) and interchanges g(y) and g(z). Since C,(j) is transitive on Fj, , 
there is an h such that ( j’)h = j’ and (hg)(x) = x. Then, by Lemma 5.7, there 
is a K E G, such that (j’)l, = j’, and (hhg)(y) = y. Let t = hhg. Then j”-’ =j’, 
t(x) = x, and t(y) = y. Since both j and j’ interchange y and x, it follows 
that t(z) = x. 
(ii) follows from the fact that C,(j) is triply-transitive on Fj and (i). 
LEMMA 5.9. The number of involutions which interchange x and y is 
r(r + l)(r - 2). Th e number of involutions which interchange x and y and$x x 
isr+ 1. 
Proof. We count in two ways the number of pairs (j, {a, b}) where j is an 
involution and {a, b} is a pair interchanged by j. Now the involutions are in 
one-one correspondence with the blocks of a’, and so, by Lemma 1.2, the 
number of involutions is (Y”(Y - 2) + 2)(r”(r - 2) + l)(r2(r - 2))/r(r - l)(r - 2), 
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andthenumberofpairsinterchangedbyjis 1 X-F, 1/2,i.e.,(r3-2r2-v+2)/2. 
Thus, if h is the number of involutions interchanging x and y, 
(Y2(Y - 2) + 2)(y”(r - 2) + 1) h 
2 
= (Y”(Y - 2) + 2)(Y2(Y - 2) + l)(YZ(Y - 2)) (Y2 - l)(Y - 2) 
Y(Y - l)(Y - 2) 2 * 
Thus, h = Y(Y - 2)(r + 1). 
Then, let p be the number of involutions which interchange x and y and 
fix z. Then, as each involution fixes Y points, it follows that AY = p(r2)(r - 2), 
or r2(r - 2)(r + 1) = p(r2)(r - 2), and so p = Y + 1. 
LEMMA 5.10. N(x*~) is an elementary abelian p-group. 
Proof. Let jr , j2 ,..., jr+r be the involutions which interchange x and y and 
fix x. Suppose C,,,,,,(j,) = Ni . Then we have seen that 1 Ni 1 = r. 
Let d be the orbit of z under the action of N(5.g). Then 1 d 1 = r2. Since 
x~dandN,isregularonF,,,F,~Cd.IfN,nN, # l,forK#Z,itfollows 
that the fixed point set of jk hk at least three points in common with the fixed 
point set of jt , namely, the z-orbit of Nk n Nl . Thus, Nk n Nl = 1. 
Therefore, N(“*‘) - 1 is the disjoint union of Nr - l,..., N,.+I - 1. Now, 
if Y = qrqs , with qr a prime power and (qr , q2) = 1, and if Q1 is a Sylow 
p,-subgroup of N(“vv), it follows that 1 Qr n Ni 1 = q1 and I Qr I = qr2. 
Moreover, Qr - 1 is the disjoint union of N1 n Qr - l,..., N,,, n Q1 - 1. 
Thus, (q12 - 1)&q, - 1) = r + 1. Thus, Y = qI and N(5*v) is a p-group. 
Then, let P be Qrnl(N@*~)) and suppose I P I = ps and 1 R I = par. Since 
iv NT+, 1 ,.--, are conjugate under aut(N@*“)), I Ni n P 1 = ps, with /I inde- 
pendent of i. Then, as before, ps - 1 = (po - l)(r + 1) = (ps - l)(p” + 1). 
It follows that 6 = 01 + /3 and a: = 8. Thus, I P I = 1 N@,g) I, and so N(Z*g) is 
elementary abelian. 
LEMMA 5.11. The p-rank of N@.v) is at least 4. 
Proof. Otherwise, as I N(s*y) I = r2, Y = p is prime. Then, as N(z*y) 
is self-centralizing in G,, , Gz,/N(Z.g) is isomorphic to some subgroup of 
GL(2, p). On the other hand, G,, is transitive on X - {x, y}, and 
j X - {x, y}l = p”(p - 2), so (p - 2) 1 1 GL(2, p)l. Thus, p = 3 or p = 5. 
If p = 3, then r = I Fj 1 = 3, contrary to our hypothesis that 1 Fi I > 3. 
Thus, we may suppose that p = 5. Then, I X I = 77 and I B I = 5. 
N(“*‘) has 3 orbits of length 25 on X - {x, y}. Since C,(j) I B is A, or S, , 
CG,,( j) contains a Sylow 3-subgroup of C,(j). Also, CGzy( j) is isomorphic to a 
subgroup of GL(2, 5). So C,(j) has Sylow 3-subgroup of order 3. On the 
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other hand, C,(j) is transitive on X - Fj and / X - Fj 1 = 72. Hence, 
32 1 I G(i)l, a contradiction. 
LEMMA 5.12. C,#,(j) 1 B has no solvable normal subgroup fl. 
Proof. If C,z,(j) 1 B h as a non-trivial solvable normal subgroup, then 
C,(j) 1 B satisfies our induction hypothesis. By Lemma 4.5, C,(j) 1 B contains 
an involution fixing exactly one point, and so is a normal extension of SL(2,29. 
If {a, 6) is a pair of points interchanged by j, C,,,,,,(j) is regular on B. 
Moreover, there is an involution centralizing j and inverting CN(,,,b)( j . Thus, 
CN(,,,a,( j) belongs to the commutator subgroup of Gs* 1 B. By the structure of 
SL(2,2*), it follows that CNte,a,(j) is cyclic. Thus, N(@*a) is of p-rank two, a 
contradiction, by the last lemma. 
We now take H = Com( j) 1 B. Since j j B = 1, it follows by Lemma 5.2 
that H has cyclic or dihedral Sylow 2-subgroup. By Lemma 5.12, O(H) = 1, 
and so H has dihedral Sylow 2-subgroup. By Gorenstein and Walter [6], as 
also O,(H) = 1, H has a normal subgroup N of odd index with N = PSL(2, Q), 
PGL(2, a), p odd, q > 5, or A,. 
By Lemma 4.5, there is an involution j’ interchanging x and y, and fixing 
a unique point x in B. Then j’ normalizes H. 
LEMMA 5.13. (j’, H) - H contains at least two classes of involutions of 
<jl, JO. 
Proof. j’ represents one such class. Let t be a conjugate of some involution 
of H such that t interchanges x and y. Then t E (j’, H) - H. Also, as t fixes 
at least two points of B, t andj’ are not fused in (j’, H). 
LEMMA 5.14. C,,f,,,(N) = 1. 
Proof. Suppose C <3*,H)(N) # 1. Then, as C,(N) = 1, by Lemma 5.12, 
it follows that (j’, H) G (t> x H, with I(t)1 = 2. Since I B 1 is odd, t fixes 
some point of B - {x, y}. Since t centralizes H and H is transitive on 
B - {x, y}, t fixes all points of B - {x, y). Thus, t is a transposition. Since 
Gs* I B is triply-transitive and contains a transposition, it contains all 
transpositions. Thus, G s* I B is the symmetric group on B. Since the two 
point stabilizer of Gs* 1 B has dihedral Sylow 2-subgroup and 1 B / is an odd 
number greater than three, 1 B 1 = 5 or 7. 
In either case, it follows that Y = p, p a prime, and so N@*v) is of p-rank 
at most 2, a contradiction by Lemma 5.11. 
Now, by Lemma 1 .l 1, it follows that N = PSL(2, q) or A, . Since 
(j’, H) - H has a class of involutions (represented by j’) fixing only one 
point of B - {x, y}, it follows from Lemma 1.12 that N = A, . 
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We now derive a final contradiction. 
LEMMA 5.15. N$ A, s 
Proof. If N E A, , by Lemma 5.14, (j’, H) z S, . Since j’ fixes only 
ZEB--(x,y}, C,(j,)CH,. 
First suppose j’ is a transposition in S, . Then C,(j’) e A, . Also, as 
B - {x, y} is odd, Hz contains a Sylow 2-subgroup H. By the structure of A, , 
Hz is either A, or S, . 
IfH,rA,,IB-{(x,y}[ =7andIBI =9.Thus,r=32andN(Z*g)is 
elementary of order 34. Since 7 1 1 G,, 1, jVx*y) is normalized, and hence 
centralized by a 7-element, a contradiction. 
If Hz=&‘,, IB-{x,y)l =21 and IBI =23. Thus,r is a prime, a 
contradiction, by Lemma 5.11. 
Next, suppose j’ has three cycles of length 2. Then C&‘) r S, . In the 
natural representation of H of degree 7, C,(j) has an orbit of length 1 and an 
orbit of length 6. If Hz = C&j’), I B - {x, y}I = 105, and I B I = 107, 
a prime. Again, this is a contradiction by Lemma 5.11. If Hz 1 C,(f), as 
C,(j) is maximal in A,, Hz E L,(2) or A,. If Hz g A, , we obtain a 
contradiction as earlier. If Hz E L,(2), I B - {x, y}l = 15 and I B 1 = 17, 
again a contradiction by Lemma 5.11. 
This final contradiction completes the proof of the theorem. 
REFERENCES 
1. H. BENDER, Endliche zweifach transitive Permutationsgruppen, denen Involutionen 
keine Fixpunkte haben, Math. Z. 104 (1968), 175-204. 
2. H. BENDER, Transitive Gruppen gerader Ordnung, in dene jede Involutionen 
genau einen Punkt fest h&t, J. Algebra 17 (1971), 527-554. 
3. L. E. DICKSON, “Linear Groups,” Dover, New York, 1958. 
4. B. FISCHER, Frobenius automorphismen endlicher Gruppen, Math. Ann. 163 
(1966), 273-298. 
5. D. GORENSTEIN, “Finite Groups,” Harper & Row, New York, 1968. 
6. D. GORENSTEIN AND J. WALTER, The characterization of finite groups with 
dihedral Sylow 2-subgroups, I, II, III, J. Algebra 2 (1965), 85-151, 218-270, 
334-393. 
7. C. HERING, On subgroups with trivial normalizer intersection, J. Algebra 20 
(1972), 622-629. 
8. C. HERING, Zweifach transitive Permutationsgruppen, in denen 2 die maximale 
Anzahl von Fixpunkten von Involutionen ist, Math. Z. 104 (1968), 150-174. 
9. C. HERING, W. KANTOR, AND G. SEITZ, Finite groups with a split BN-pair of 
rank 1, J. Algebra 20 (1972), 435-475. 
10. M. O’NAN, A characterization of L,(q) as a permutation group, Math. Z. 127 
(1972), 301-314. 
386 MICHAEL E. O’NAN 
11. I. SCHUR, Untersuchungen fiber die Darstellung der endlichen Gruppen durch 
gebrochenen linearen Substitutionen, Crelle’s J. 132 (1907), 85-137. 
12. E. SHULT, On the fusion of an involution in its centralizer, to appear. 
13. M. SUZUKI, Transitive extensions of a class of doubly-transitive groups, Nagoya 
Math. 1. 27 (1966), 159-169. 
14. A. WAGNER, On finite affine line transitive planes, Math. 2. 89 (1965), l-11. 
15. E. WITT, Die 5-fach transitiven Gruppen von Mathieu, Abh. Math. Sem. 
Univ. Hamburg 12 (1937), 256-264. 
16. H. ZASSENHAUS, Uber transitive Erweiterungen gewisser Gruppen aus Auto- 
morphismen endlicher mehrdimensionaler Geometren, Math. Ann. 111 (1935), 
748-759. 
Printed in Belgium 
